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Local realistic models cannot completely describe all predictions of quantum mechanics. This
is known as Bell’s theorem that can be revealed either by violations of Bell inequality, or all-
versus-nothing proof of nonlocality. Hardy’s paradox is an important all-versus-nothing proof and is
considered as “the simplest form of Bell’s theorem”. In this work, we theoretically build the general
framework of Hardy-type paradox based on Bell inequality. Previous Hardy’s paradoxes have been
found to be special cases within the framework. Stronger Hardy-type paradox has been found even
for the two-qubit two-setting case, and the corresponding successful probability is about four times
larger than the original one, thus providing a more friendly test for experiment. We also find that
GHZ paradox can be viewed as a perfect Hardy-type paradox. Meanwhile, we experimentally test
the stronger Hardy-type paradoxes in a two-qubit system. Within the experimental errors, the
experimental results coincide with the theoretical predictions.
PACS numbers: 03.65.Ud, 03.67.Mn, 42.50.Xa
Introduction.—In 1935, Einstein, Podolsky and Rosen
(EPR) revealed the confliction between quantum me-
chanics (QM) and local realism by presenting a subtle
paradox: either the quantum wave function does not pro-
vide a complete description of physical reality, or measur-
ing one particle from a quantum entangled pair instan-
taneously affects the second particle regardless of how
far apart the two entangled particles are [1]. Nowadays
this paradox is well-known as the famous EPR paradox.
The attitude of EPR was incline to consider quantum me-
chanics as an imcomplete theory by denying the quantum
phenomenon of nonlocality. For a long time, the EPR ar-
gument has been remained a philosophical debate at the
foundation of quantum mechanics until the appearance
of Bell’s work. In 1964, John Bell discovered Bell’s theo-
rem: there is no local realistic theory (with local-hidden-
variable (LHV) model) that can reproduce all predictions
of quantum mechanics [2]. To reach his purpose, Bell pre-
sented an inequality, which is held for any LHV model,
but can be surprisingly violated by quantum entangled
states. Bell inequality has provided for the first time a
powerful tool to distinguish quantum mechanics essen-
tially from local realistic theory in the Bell-test experi-
ments. Due to which, Bell’s theorem has been historically
regarded as “the most profound discovery of science” [3].
In 1969, Clauser, Horne, Shimony and Holt (CHSH)
improved the original Bell inequality for two qubits, and
they obtained a more experimentally feasible inequality:
the CHSH inequality [4]. Subsequently, Aspect, Grangier
and Roger successfully verified Bell nonlocality in exper-
iment [5], despite there were still some locality-loophole
and detection-loophole. In 2015, loophole-free Bell-test
experiments through violations of the CHSH inequality
were carried out to confirm the quantum phenomenon of
Bell nonlocality [6–8]. Nowadays, Bell nonlocality has
gained significant applications in different quantum in-
formation tasks, such as quantum key distribution, com-
munication complexity, quantum information processing
and random number generation [9, 10].
Wondrously, in 1989 Greenberger, Horne and Zeilinger
(GHZ) triggered a new approach to study nonlocality:
the GHZ theorem [11]. Essentially, the GHZ theorem is
a kind of all-versus-nothing (AVN) proof for Bell non-
locality without using Bell inequality. GHZ theorem is
also called GHZ paradox, in which there is a contradic-
tion equality “+1 = −1”. Such a sharp contradiction
arises if one tries to interpret the quantum result with
LHV models, and thus leaves no room for the LHV model
to completely describe quantum predictions of the GHZ
state. The violation of Bell’s inequality demonstrates the
incompatibility between the LHV models and quantum
mechanics in a statistical manner, while the merit of the
AVN proof is just that it may reveal such an incompat-
ibility even with a single run in experiment, therefore
needs only fewer experimental measurements.
However, the elegant GHZ argument holds for quan-
tum systems with three and more particles, and unfor-
tunately is not valid for the simplest entangled system:
two qubits. To develop the AVN proof (i.e., a logic-
contradiction proof) for two qubits, in 1993, Hardy [12]
introduced an alternative paradox:
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P1 = P (A2 < B1) = 0,
P2 = P (B1 < A1) = 0,
P3 = P (A1 < B2) = 0,
P4 = P (A2 < B2)
QM
> 0,
(1)
where P (Ai < Bj) is the probability for the event
Ai < Bj , and P (A2 < B2) denotes P (A2 = 0, B2 = 1) for
two-qubit, etc. This Hardy paradox consists four prob-
ability events. In the classical world, if the first three
probability events do not happen, then they will force
the fourth probability to be zero. But, according to the
different prediction of quantum mechanics, the fourth
probability could be greater than zero. The subtle con-
fliction has rendered people to consider Hardy’s paradox
as “the simplest form of Bell’s theorem” [13]. The fourth
probability is usually called the successful probability,
which can reach it maximum (5
√
5− 11)/2 (≈ 9%) when
one chooses appropriate two-qubit entangled states and
projective measurements. Although the successful prob-
ability is weak, the two-qubit Hardy paradox has been
demonstrated in several experiments [14–21]. Later on,
Hardy’s paradox was theoretically generalized to multi-
setting [16], multi-partite [22, 23] and high-dimensional
systems [24].
In this Letter, we advance the study of Hardy’s para-
dox. Firstly, we theoretically establish the general frame-
work of Hardy-type paradox based Bell inequality. We
find that (i) the previous Hardy paradoxes are merely
special cases in the framework; (ii) by extracting some
Hardy’s constraints from Bell inequality, one can natu-
rally derive some stronger paradoxes with larger success-
ful probabilities, which are more friendly for experimental
test; (iii) GHZ paradox can be viewed as a perfect Hardy-
type paradox, whose successful probability reaches 100%.
Secondly, as a physical application, we experimentally
test two stronger Hardy-type paradoxes in the two-qubit
system, hence demonstrating the sharper confliction be-
tween quantum mechanics and local realism.
Theoretical Framework.—For any nontrivial Bell in-
equality, it can be written in the following form
I =
N∑
j=1
fjPj
LHV≤ L, (2)
with I being the Bell function that is a linear combi-
nation of joint-probabilities, fj the coefficient (or the
weight) of the probability Pj , and L the classical bound.
Based on Bell inequality (2), the general Hardy-type
Fig. 1. (color online). Illustration of the general Hardy-type
paradox based on Bell inequality. Here the Bell function I =∑k
i=1Hi+PN . Under the k Hardy’s constraints Hi = `i with∑k
i=1 `i = L, the LHV models and quantum mechanics give
differently predictions, thus leads to the paradox.
paradox is given as follows:
H1 =
∑i1
j=1 fjPj = `1,
H2 =
∑i2
j=i1+1
fjPj = `2,
...
Hk−1 =
∑ik−1
j=ik−2+1 fjPj = `k−1,
Hk =
∑N−1
j=ik−1+1 fjPj = `k,
PN
QM
> 0,
(3)
where Hi = `i (i = 1, 2, · · · , k) represent Hardy’s con-
straints,
∑k
i=1 `i = L, and PN represents the successful
probability [25]. For the LHV models, because the Bell
function is bounded by L, thus the k Hardy’s constraints
must lead to PN = 0. But for quantum mechanics, PN
can be greater than zero therefore yields the paradox.
The illustration of establishing the general Hardy-type
paradox based on Bell inequality can be seen in Fig. 1.
In the following, we give three concrete examples.
Example 1.—The first example is to show that the
previous Hardy’s paradox can be generated from Bell
inequality. The Collins-Gisin-Linden-Massar-Popescu
(CGLMP) inequality is a natural extension of the CHSH
inequality from two-qubit to two arbitrary d-dimensional
systems (i.e., two-qudit) [26]. The Zohren and Gill’s suc-
cinct version [27] of the CGLMP inequality is given by
P (A2 < B2)− P (A2 < B1)
−P (B1 < A1)− P (A1 < B2)
LHV≤ 0, (4)
Since Bell inequality (4) is bounded by 0, if one imposes
three constraints: P (A2 < B1) = 0, P (B1 < A1) =
0, P (A1 < B2) = 0, then from inequality (4), one must
have the fourth probability as P (A2 < B2) = 0 for any
LHV model. This generates the previous Hardy’s para-
3dox for two-qudit, including the two-qubit Hardy’s para-
dox (1) as a special case. The behavior of the two-qudit
Hardy’s paradox has been studied in Ref. [24], where the
successful probability grows up with the increasing di-
mension d. Similarly, one can derive the N -qubit Hardy’s
paradoxes [22] based on the N -qubit Hardy’s inequalities
given in [23].
Example 2.—The second example is to show that
the CHSH inequality, if written in different probability-
forms, may generate different Hardy-type paradoxes. In
the literature, the CHSH inequality (written in terms of
correlation functions) is usually given by A1B1+A1B2+
A2B1 − A2B2 ≤ 2. However, when one transforms the
correlation-form to the probability-form, actually he can
have several different forms of Bell inequality. For in-
stance, the inequality (4) [with d = 2] is one of the
probability-forms. The other form can be the following
inequality
ICHSH = P (A1 = 1, B1 = 1) + P (A2 = 1, B2 = 0) +
P (A1 = 0, B2 = 0) + P (A2 = 1, B1 = 1) +
P (A1 = 1, B2 = 1) + P (A2 = 0, B1 = 0) +
P (A2 = 0, B2 = 1) + P (A1 = 0, B1 = 0)
LHV≤ 3
QM
≤ 2 +
√
2. (5)
It is worth to mention that the CHSH inequality in the
form (5) is in particular useful. Due to this form, people
have successfully proved that Bell nonlocality is tightly
bounded by quantum contextually [28, 29].
Based on the inequality (5), one can derive the general
Hardy-type paradox as
H1 = P (A1 = 1, B1 = 1) + P (A2 = 1, B2 = 0)
= P1 + P2 = 1,
H2 = P (A1 = 0, B2 = 0) + P (A2 = 1, B1 = 1)
= P3 + P4 = 1,
H3 = P (A1 = 1, B2 = 1) + P (A2 = 0, B1 = 0)
+P (A2 = 0, B2 = 1) = P5 + P6 + P7 = 1,
P8 = P (A1 = 0, B1 = 0) > 0.
(6)
The detail proof is provided in Supplementary Material
(SM) [30]. Remarkably, the successful probability of the
Hardy-type paradox is given by
P8 = P (A1 = 0, B1 = 0) ≈ 0.391179, (7)
which is more than four times of the original one (≈ 9%).
This paradox not only enhances the sharper confliction
between local realism and quantum mechanics, but also
is more friendly for the experimental test.
Example 3.—The third example is to show that there
is the perfect Hardy-type paradox, whose success prob-
ability can reach 100%. Let us consider the three-
qubit Mermin-Ardehali-Belinskii-Klyshko (MABK) in-
equality [9] that written in the probability-form as
IMABK = P (A1 +B2 + C2 = 0) + P (A2 +B1 + C2 = 0)
+ P (A2 +B2 + C1 = 0) + P (A1 +B1 + C1 = 1)
LHV≤ 3
QM
≤ 4. (8)
Based on which, one can construct the following perfect
Hardy-type paradox
P (A1 +B2 + C2 = 0) = 1,
P (A2 +B1 + C2 = 0) = 1,
P (A2 +B2 + C1 = 0) = 1,
P (A1 +B1 + C1 = 1)
QM
= 1 > 0.
(9)
The connection between GHZ paradox and the perfect
Hardy-type paradox is given in SM [30]. Actually, GHZ
paradox can be viewed as a kind of Hardy-type paradox,
for which the successful probability equals to 100%.
Remark 1.—In SM [30], we provide more examples for
the general Hardy-type paradoxes based on (i) the two-
qubit Abner Shimony inequality; and (ii) the two-qubit
Bell inequalities realized by the (2k + 1)-cycle exclusiv-
ity graphes. For the case (i), we obtain the stronger
paradoxes, for instance, Bell inequality I4422 ≤ 10 may
yield the Hardy-type paradox with successful probability
P26 ≈ 0.659882, which is about seven times of the origi-
nal one (≈ 9%). For the case (ii), we recover the previous
ladder Hardy’s paradox in [16].
Experimental Setup and Results.—We now experimen-
tally verify the general Hardy-type paradox (6) for the
simplest case with two qubits and two measurement
settings. The experimental setup is shown in Fig. 2.
Polarization-entangle photon pairs are generated through
type-II spontaneous parametric down-conversion in a 20
mm-long periodically poled KTP (PPKTP) crystal in a
polarization Sagnac interferometer [31]. The polariza-
tion of the continuous-wave pump laser with a wave-
length of 404 nm is rotated to be cos θ|H〉 + sin θ|V 〉
by a half-wave plate (HWP), where H and V repre-
sent the horizontal and vertical polarizations, respec-
tively. The pumping light is then divided into two paths
by a dual-wavelength polarization beam splitter (PBS)
and focused on the crystal. The two photons in the en-
tangled state cos θ|HV 〉 + sin θ|V H〉 are sent to Alice
and Bob, respectively. The state is then changed to be
|ψ〉= cos θ|HH〉 + sin θ|V V 〉 with a HWP set to be 45◦
on Bob’s side. A quarter-wave plate (QWP), an HWP,
and a polarization beam splitter (PBS) on both sides
are used for quantum state tomography and projective
measurements. To show the maximal confliction of the
Hardy paradox, we set θ = 0.912. The fidelity of the pre-
pared state calculated as Tr[
√√
ρtheρexp
√
ρthe]
2 is over
0.99, where ρthe and ρexp represent the theoretical and
experimental density matrixes, respectively. The real and
imaginary parts of ρexp are shown in SM [30].
The eight probabilities of P1 to P8 as shown in Eq.
(6) are then directly detected (see SM [30]). To clearly
4SPDHWP@404nmHWP@808nmQWP@808nm
HWP@404&808nmMirrorDMPBSPPKTP
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Fig. 2. (color online). Experimental setup. An ultravio-
let laser with 404 nm are focused to pump a type-II PP-
KTP crystal located in a Sagnac interferometer to generate
polarization-entangled photons. The polarization of the pump
laser is set by a half-wave plate (HWP). The dual-wavelength
HWP in the Sagnac interferometer is set to be 45◦, which
is used to exchange the polarizations of the pump light and
down-converted photons. A HWP on Bob’s side set in 45◦
is used to change the form of entangled state. Quarter-wave
plates (QWPs), half-wave plates (HWPs) and polarization
beam splitters (PBSs) on both sides of Alice and Bob are
used for projective measurements. The photons are detected
by single-photon detectors (SPDs), and the signals are sent
for coincidence.
show the confliction, the projective measurement on Alice
side Ai1 (Ai = 1) is chosen to be cos θai|H〉 + sin θai|V 〉
with θai=0.722 and 1.504 (i = 1, 2), respectively. The
projective measurement on Bob’s side Bi1 (Bi = 1) is
chosen to be cos θbi|H〉 + sin θbi|V 〉, with θbi=1.112 and
0.306 (i = 1, 2). The case of Ai0 (Ai = 0) and Bi0
(Bi = 0) can also be obtained since |Ai0〉 ⊥ |Ai1〉 and
|Bi0〉 ⊥ |Bi1〉 [30]. The corresponding probabilities are
shown in Fig. 3a. The blue columns are the experimental
results which agree well with the theoretical predictions
represented by yellow columns. P8 = 0.3957 ± 0.0089,
with about four times larger than the original one [12].
We further show the three Hardy’s constraints of Hi (i =
1, 2, 3) obtained in experiment in Fig. 3b, which are all
near equal to 1. All the three constraints are well con-
firmed within the experimental errors. Error bars are
deduced from the counting statistics, which are assumed
to be Poissonian distribution. Furthermore, we demon-
strated another stronger Hardy-type paradox based on
Bell inequality I4422 ≤ 10, which contains 26 probabili-
ties measurements. The confliction can reach as high as
P26 = 0.6802±0.0238 with the confirmation of 9 Hardy’s
constraints. Experimental results are shown in SM [30].
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Fig. 3. (color online). Experimental results. a. The proba-
bilities of P1 to P8. Blue and yellow columns represent the
experimental and theoretical results, respectively. b. The ex-
perimental values of the three Hardy’s constraints given in Eq.
(6). The corresponding theoretical predictions are all equal
to 1. Error bars are deduced from the counting statistics.
Conclusion and Discussion.—In conclusion, we have
advanced the study of Hardy’s paradox by building the
general theoretical framework of Hardy-type paradox
based on Bell inequality. Starting from a certain Bell
inequality, one may extract some Hardy’s constraints,
and then the remain probability will lead to a paradox
due to the different predictions of the LHV model and
quantum mechanics. Based on the approach, one can re-
cover the previous Hardy’s paradoxes and also establish
the stronger Hardy-type paradoxes even for two qubits.
Meanwhile, as a physical application, we experimentally
test the stronger Hardy-type paradox in a two-qubit sys-
tem, the experimental results coincide with the theoret-
ical predictions within the experimental errors. More-
over, we also find that GHZ paradox can be interestingly
viewed as a perfect Hardy-type paradox, thus unifying
two apparently different AVN proofs into a single one.
In addition, the general Hardy-type paradox is applicable
5for mixed states, which we shall investigate subsequently.
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I. THE THEORETICAL PART
A. The CHSH inequality written in different probability-forms
The Clauser-Horne-Shimony-Holt (CHSH) inequality [1] is a well-known Bell inequality for two qubits. If one writes
the CHSH inequality in terms of correlation functions, then he obtais
〈A1B1〉+ 〈A1B2〉+ 〈A2B1〉 − 〈A2B2〉
LHV≤ 2, (1)
where Ai, Bj = ±1 (i, j = 1, 2), and 〈AiBj〉 are the correlation functions (Ai measured on Alice’s particle and Bj
measured on Bob’s particle).
For a two-qubit system, there is a relation between correlation function and joint-probabilities:
Qij = 〈AiBj〉 =
1∑
a,b=0
(−1)a+b P (Ai = a,Bj = b)
= P (Ai = 0, Bj = 0) + P (Ai = 1, Bj = 1)− P (Ai = 0, Bj = 1)− P (Ai = 1, Bj = 0)
= 2[P (Ai = 0, Bj = 0) + P (Ai = 1, Bj = 1)]− 1
= 1− 2[P (Ai = 0, Bj = 1) + P (Ai = 1, Bj = 0)]. (2)
or
Qij = 〈AiBj〉 = P (Ai = Bj)− P (Ai 6= Bj)
= 2P (Ai = Bj)− 1
= 1− 2P (Ai 6= Bj). (3)
By substituting
〈A1B1〉 = 2[P (A1 = 0, B1 = 0) + P (A1 = 1, B1 = 1)]− 1,
〈A1B2〉 = 2[P (A1 = 0, B2 = 0) + P (A1 = 1, B2 = 1)]− 1,
〈A2B1〉 = 2[P (A2 = 0, B1 = 0) + P (A1 = 1, B1 = 1)]− 1,
〈A2B2〉 = 1− 2[P (A2 = 0, B2 = 1) + P (A2 = 1, B2 = 0)], (4)
into (1), one immediately has the CHSH inequality written in terms of joint-probabilities as
ICHSH =
8∑
i=1
Pi = P (A1 = 1, B1 = 1) + P (A2 = 1, B2 = 0) + P (A1 = 0, B2 = 0) + P (A2 = 1, B1 = 1)
+ P (A1 = 1, B2 = 1) + P (A2 = 0, B1 = 0) + P (A2 = 0, B2 = 1) + P (A1 = 0, B1 = 0)
LHV≤ 3,
(5)
which is just the inequality (5) in the main text.
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2However, when one writes the CHSH inequality in terms of joint-probabilties, actually the probability-form is
not unique. For instance, let us consider the Zohren and Gill’s succinct version of the CGLMP inequality for two-
qudit [2][3][4], which is given as follows:
P (A2 < B2)− P (A2 < B1)− P (B1 < A1)− P (A1 < B2)
LHV≤ 0, (6)
where P (Ai < Bj) is the probability of Ai < Bj . For two-qubit, the inequality becomes
P (A2 = 0, B2 = 1)− P (A2 = 0, B1 = 1)− P (A1 = 1, B1 = 0)− P (A1 = 0, B2 = 1)
LHV≤ 0, (7)
which is also equivalent to the CHSH inequality (1).
Proof.— Due to the following relation between joint-probabilities and correlation functions
P (Ai = a,Bj = b) =
〈
I2 + (−1)aAi
2
⊗ I2 + (−1)
bBj
2
〉
, a, b ∈ {0, 1}, (8)
with I2 the 2× 2 unit matrix, then the left-hand side of the inequality (7) can be reduced to
P (A2 < B2)− P (A2 < B1)− P (B1 < A1)− P (A1 < B2)
= P (A2 = 0, B2 = 1)− P (A2 = 0, B1 = 1)− P (A1 = 1, B1 = 0)− P (A1 = 0, B2 = 1)
=
〈
I2 +A2
2
⊗ I2 −B2
2
〉
−
〈
I2 +A2
2
⊗ I2 −B1
2
〉
−
〈
I2 −A1
2
⊗ I2 +B1
2
〉
−
〈
I2 +A1
2
⊗ I2 −B2
2
〉
= −1
2
− 1
4
(〈A2B2〉 − 〈A2B1〉 − 〈A1B1〉 − 〈A1B2〉)
LHV≤ 0,
(9)
which may yield the inequality (1). Thus, the inequality (7) is also one of probability-forms for the CHSH inequality.
This ends the proof.
In summary, inequalities (5) and (7) are both the CHSH inequality but written in different probability-forms.
B. General Hardy-type paradoxes based on the CHSH inequality in two different probability-forms
Case 1.—For the CHSH inequality written in the form (7), one can have Hardy’s paradox as
P (A2 < B1) = 0,
P (B1 < A1) = 0,
P (A1 < B2) = 0,
P (A2 < B2)
QM
= 5
√
5−11
2 > 0,
(10)
This paradox is equivalent to the original Hardy’s paradox [5], for which the maximal successful probability equals to
(5
√
5− 11)/2(≈ 9%).
The following is the proof. Assume that the two-qubit system is in the sate |ψ〉, and the local measurements Ai
and Bj (i, j = 1, 2) can be represented by
Ai = |Ai0〉〈Ai0| − |Ai1〉〈Ai1|,
Bj = |Bj0〉〈Bj0| − |Bj1〉〈Bj1|, (11)
where {|Ai0〉, |Ai1〉} and {|Bj0〉, |Bj1〉} are the orthonormal basis, with |Ai0〉〈Ai0|+ |Ai1〉〈Ai1| = I2 and |Bj0〉〈Bj0|+
|Bj1〉〈Bj1| = I2. Then we obtain
P (Ai = 0, Bj = 0) = |〈ψ|Ai0〉|Bj0〉|2, P (Ai = 0, Bj = 1) = |〈ψ|Ai0〉|Bj1〉|2,
P (Ai = 1, Bj = 0) = |〈ψ|Ai1〉|Bj0〉|2, P (Ai = 1, Bj = 1) = |〈ψ|Ai1〉|Bj1〉|2. (12)
By taking
|ψ〉 = α|00〉+ β|11〉, |A20〉 =
(
x
y
)
, |A21〉⊥|A20〉,
|A10〉 = 1√
α4x2 + β4y2
(
α2x
β2y
)
, |A11〉⊥|A10〉, |B10〉 = 1√
α2x2 + β2y2
(
αx
βy
)
, |B11〉⊥|B10〉,
|B20〉 = 1√
α6x2 + β6y2
(
α3x
β3y
)
, |B21〉 = 1√
α6x2 + β6y2
(
β3y
−α3x
)
, (13)
3we then have  P (A2 < B1) = P (A2 = 0, B1 = 1) = 0,P (B1 < A1) = P (A1 = 1, B1 = 0) = 0,P (A1 < B2) = P (A1 = 0, B2 = 1) = 0, (14)
and
P (A2 < B2) = P (A2 = 0, B2 = 1) =
(αβ3 − βα3)2 x2y2
x2α6 + y2β6
. (15)
For the parameters
α =
√
1
2
(
1 +
√
−13 + 6
√
5
)
, β =
√
1
2
(
1−
√
−13 + 6
√
5
)
, (16)
x =
β3
α3 + β3
=
√
1
22
(
11−
√
55(−3 + 2
√
5)
)
, y = 1− x2 =
√
1
22
(
11 +
√
55(−3 + 2
√
5)
)
. (17)
then the three constraint conditions in (10) are satisfied (or see Eq. (14)) and the successful probability attains its
maximum value as
max{P (A2 < B2)} = 5
√
5− 11
2
≈ 9%. (18)
Case 2.—For the CHSH inequality written in the form (5), one can have the following general Hardy-type paradox

H1 = P (A1 = 1, B1 = 1) + P (A2 = 1, B2 = 0) = P1 + P2 = 1,
H2 = P (A1 = 0, B2 = 0) + P (A2 = 1, B1 = 1) = P3 + P4 = 1,
H3 = P (A1 = 1, B2 = 1) + P (A2 = 0, B1 = 0) + P (A2 = 0, B2 = 1) = P5 + P6 + P7 = 1,
P8 = P (A1 = 0, B1 = 0)
QM≈ 0.391179 > 0,
(19)
The following is the proof. In local realistic theory, suppose the output of measurement A1 were 0, then by the
first Hardy’s constraint in (19) one has that the outputs of measurements A2 and B2 are 1 and 0 respectively, which
contradict with the third Hardy’s constraint in (19). Thus, the output of measurement A1 must be 1, which implies
that the outputs of both measurements A2 and B1 are 1 by the second Hardy’s constraint. Hence, the output of
measurement B2 is also 1 by the third constraint condition in (19). This means that by requiring Hi = 1 (i = 1, 2, 3),
one obtains A1 = B1 = A2 = B2 = 1. Thus, for local correlations satisfying (19), P8 = P (A1 = 0, B1 = 0) = 0 holds.
In quantum mechanics, the two-qubit pure state |ψ〉 and local measurements {A1, A2} and {B1, B2} can be repre-
sented by 
|ψ〉 = (cos θ, 0, 0, sin θ)T ,
Ai = |Ai0〉〈Ai0| − |Ai1〉〈Ai1|,
Bj = |Bj0〉〈Bj0| − |Bj1〉〈Bj1|,
|Ai1〉 = (cos θai, sin θai)T , |Ai0〉 = (sin θai,− cos θai)T ,
|Bj1〉 = (cos θbj , sin θbj)T , |Bj0〉 = (sin θbj ,− cos θbj)T ,
(20)
for i, j = 1, 2. Then we obtain
P (Ai = 0, Bj = 0) = |〈ψ|Ai0〉|Bj0〉|2 = (cos θ sin θai sin θbj + sin θ cos θai cos θbj)2,
P (Ai = 0, Bj = 1) = |〈ψ|Ai0〉|Bj1〉|2 = (cos θ sin θai cos θbj − sin θ cos θai sin θbj)2,
P (Ai = 1, Bj = 0) = |〈ψ|Ai1〉|Bj0〉|2 = (cos θ cos θai sin θbj − sin θ sin θai cos θbj)2,
P (Ai = 1, Bj = 1) = |〈ψ|Ai1〉|Bj1〉|2 = (cos θ cos θai cos θbj + sin θ sin θai sin θbj)2.
(21)
Take  θ = 0.9126956520107119,θa1 = 0.7221659141461775, θa2 = 1.5035265418613746,θb1 = 1.111854544600825, θb2 = 0.30565501091709074, (22)
4then 
H1 − 1 = −3.33067× 10−16,
H2 − 1 = 1.66533× 10−16,
H3 − 1 = 1.11022× 10−16,
P8 = P (A1 = 0, B1 = 0) ≈ 0.391179,
(23)
holds. Thus, (19) is a general Hardy-type paradox. The numerical calculation error for Hardy’s constraints is about
10−16 (see (23)). Hence, in quantum theory, there exist local observables {A1, A2} and {B1, B2} and two-qubit state
|ψ〉 such that the three Hardy’s constraint in (19) are satisfied, but P (A1 = 0, B1 = 0) ≈ 0.39 > 0. This completes
the proof. 
Remark 1.—For the general Hardy-type paradox (19), for simplicity we may initially select some measurement
angles as
θa1 =
pi
4
, θa2 =
pi
2
, θb2 =
pi
2
− θb1, (24)
then we have 
H1 − 1 = 12 cos2 (θ − θb1) + sin2 θ sin2 θb1 − 1,
H2 − 1 = 12 cos2 (θ − θb1) + sin2 θ sin2 θb1 − 1,
H3 − 1 = 12 sin2 (θ + θb1) + 2 cos2 θ sin2 θb1 − 1,
P8 =
1
2 sin
2 (θ + θb1).
(25)
In this case H1 = H2. From H1 − 1 = 0 and H3 − 1 = 0, we have
θb1 =
1
2
arccosx, θ =
1
2
arccos
1− x
−3 + 5x, (26)
where x (≈ −0.667051) satisfies the following algebraic relation
73x4 + 28x3 − 70x2 − 12x+ 17 = 0. (27)
Then in this case we have the successful probability as
P8 =
1
2
sin2 (θ + θb1) =
1
4
[
1− cos
(
arccosx+ arccos
1− x
−3 + 5x
)]
≈ 0.385807 > 0, (28)
which is very close to the maximum value 0.391179.
C. Perfect Hardy-type paradox based on the three-qubit MABK inequality
The three-qubit Mermin-Ardehali-Belinskii-Klyshko (MABK) inequality [6–8] is given by
〈A1B2C2〉+ 〈A2B1C2〉+ 〈A2B2C1〉 − 〈A1B1C1〉
LHV≤ 2
QM
≤ 4. (29)
Here the correlation functions can be written in terms of joint-probabilities as
Qijk = 〈AiBjCk〉 =
1∑
a,b,c=0
(−1)a+b+c P (Ai = a,Bj = b, Ck = c) =
1∑
r=0
(−1)r P (Ai +Bj + Ck = r) (30)
with
P (Ai +Bj + Ck = 0) = P (Ai = 0, Bj = 0, Ck = 0) + P (Ai = 1, Bj = 1, Ck = 0) +
P (Ai = 1, Bj = 0, Ck = 1) + P (Ai = 0, Bj = 1, Ck = 1),
P (Ai +Bj + Ck = 1) = P (Ai = 1, Bj = 0, Ck = 0) + P (Ai = 0, Bj = 1, Ck = 0) +
P (Ai = 0, Bj = 0, Ck = 1) + P (Ai = 1, Bj = 1, Ck = 1). (31)
Due to
P (Ai +Bj + Ck = 0) + P (Ai +Bj + Ck = 1) = 1, (32)
5we have
〈AiBjCk〉 = 2P (Ai +Bj + Ck = 0)− 1
= 1− 2P (Ai +Bj + Ck = 1). (33)
Therefore, the three-qubit MABK inequality can be rewritten in terms of joint probabilities as follows
IMABK = P (A1 +B2 + C2 = 0) + P (A2 +B1 + C2 = 0) + P (A2 +B2 + C1 = 0)
+ P (A1 +B1 + C1 = 1)
LHV≤ 3
QM
≤ 4,
(34)
which is the inequality (8) in the main text.
Based on the three-qubit MABK inequality with the form (34), we can construct a perfect Hardy-type paradox
with success probability equals to 1: 
P (A1 +B2 + C2 = 0) = 1,
P (A2 +B1 + C2 = 0) = 1,
P (A2 +B2 + C1 = 0) = 1,
P (A1 +B1 + C1 = 1)
QM
= 1 > 0.
(35)
Proof. In local theory, without loss of generality, we can suppose that the output of the observable A1 is 0. Then
the first constraint in (35) implies B2 + C2 = 0. For any output of A2, we have A2 + A2 = 0. Thus, the second and
the third constraints in (35) lead to B1 +C2 +B2 +C1 = 0, which yields B1 +C1 = 0. Therefore, A1 +B1 +C1 = 0
holds, i.e., P (A1 +B1 + C1 = 1) = 0.
In quantum mechanics, we select the 3-qubit GHZ state in the following form:
|Ψ〉GHZ = 1√
2
(|000〉 − |111〉), (36)
and the observables are chosen as
A1 = B1 = C1 = σx, A2 = B2 = C2 = σy, (37)
where σx and σy are Pauli matrices. Then we have
〈A1B2C2〉 = 〈Ψ|σAx ⊗ σBy ⊗ σCy |Ψ〉 = +1,
〈A2B1C2〉 = 〈Ψ|σAy ⊗ σBx ⊗ σCy |Ψ〉 = +1,
〈A2B2C1〉 = 〈Ψ|σAy ⊗ σBy ⊗ σCx |Ψ〉 = +1,
〈A1B1C1〉 = 〈Ψ|σAx ⊗ σBx ⊗ σCx |Ψ〉 = −1. (38)
From Eq. (33), one finds that the first three Hardy’s constraints in (35) hold and P (A1 + B1 + C1 = 1) = 1, which
completes the proof. 
Remark 2.—Due to the relation (32), the three-qubit MABK inequality (34) can be recast to
IMABK = P (A1 +B1 + C1 = 1)
−[P (A1 +B2 + C2 = 1) + P (A2 +B1 + C2 = 1) + P (A2 +B2 + C1 = 1)]
LHV≤ 0. (39)
The corresponding general Hardy-type paradox is given by
P (A1 +B2 + C2 = 1) = 0,
P (A2 +B1 + C2 = 1) = 0,
P (A2 +B2 + C1 = 1) = 0,
P (A1 +B1 + C1 = 1)
QM
= 1 > 0,
(40)
which is equivalent to the paradox as shown in (35).
Remark 3.—The three-qubit GHZ paradox “+1 = −1” is given by (quantum mechanically) [9]
σAx ⊗ σBy ⊗ σCy |Ψ〉 = +|Ψ〉,
σAy ⊗ σBx ⊗ σCy |Ψ〉 = +|Ψ〉,
σAy ⊗ σBy ⊗ σCx |Ψ〉 = +|Ψ〉,
σAx ⊗ σBx ⊗ σCx |Ψ〉 = −|Ψ〉. (41)
6and (classically)
vAx v
B
y v
C
y = +1,
vAy v
B
x v
C
y = +1,
vAy v
B
y v
C
x = +1.
vAx v
B
x v
C
x = −1. (42)
When one multiplies the four equations in (42), the left-hand side gives (vAx )
2(vAy )
2(vBx )
2(vBy )
2(vCx )
2(vCy )
2 = +1, but
the right-hand side gives −1, thus leads to the full contradiction of “+1 = −1”.
By comparing Eq. (38) and Eq. (41), one may observe that GHZ paradox (with the full contradiction “+1 = −1”)
can be viewed as a perfect Hardy-type paradox (with the successful probability being 100%). Thus the two apparently
different AVN proofs (i.e., GHZ paradox and Hardy’s paradox) are unified into a single one (i.e., the general Hardy-type
paradox).
D. General Hardy-type paradox based on the AS inequality
The Abner Shimony (AS) inequalities are a family of tight two-qubit n-setting (n is even) Bell inequalities [10][11].
For even number n, the AS inequality in terms of correlation functions can be written as
ASn =
n∑
i,j
Mnij 〈AiBj〉
LHV≤ n
2
(n
2
+ 1
) QM
≤ (n+ 1)
√
n(n+ 2)
3
, (43)
where Mnij is the i-th row and j-th column element of the following matrix Mn
Mn =

A1 A2 A3 · · · An2 An2+1 An2+2 · · · An−2 An−1 An
B1 1 1 1 · · · 1 1 1 · · · 1 1 1
B2 1 1 1 · · · 1 1 1 · · · 1 1 −1
B3 1 1 1 · · · 1 1 1 · · · 1 −2 0
...
...
...
... · · · ... ... ... ... . . . . . . ...
Bn
2
1 1 1 · · · 1 1 −(n2 − 1) · · · 0 0 0
Bn
2+1
1 1 1 · · · 1 −n2 0 · · · 0 0 0
Bn
2+2
1 1 1 · · · −(n2 − 1) 0 0 · · · 0 0 0
...
...
...
... · · · ... ... ... ... ... ... ...
Bn−2 1 1 1 . .
.
0 0 0 · · · 0 0 0
Bn−1 1 1 −2 . . . 0 0 0 · · · 0 0 0
Bn 1 −1 0 · · · 0 0 0 · · · 0 0 0

. (44)
Due to the relation (3), the AS inequality can also be rewritten in terms of joint-probabilities as (for convenient, here
we use the notation Inn22 to represent the Bell function ASn):
Inn22 =
n∑
i=1
n−i+1∑
j=1
P (Ai = Bj) +
n
2∑
i=2
(i− 1)[P (Ai 6= Bn−i+2) + P (An+2−i 6= Bi)] + n
2
P (An
2+1
6= Bn
2+1
)
LHV≤ n
2 + n
2
QM
≤
(n+1)
√
n(n+2)
3 +
3n2+2n
4
2
.
(45)
Remark 4.—For n = 2, the AS inequality I2222 ≤ 3 is nothing but the CHSH inequality ICHSH ≤ 3 given in (5).
Namely, the inequality Inn22 ≤ n2+n2 is a generalization of CHSH inequality from two-setting to n-setting. In the
previous section and the main text, we have presented the general Hardy-type paradox based on the inequality (5).
7The corresponding successful probability is about 0.391179, which is about four times of 9% (the successful probability
for the original Hardy’s paradox [5]).
Remark 5.—To show more examples for the general Hardy-type paradox based on Bell inequality, here we study
the AS inequality for n = 4. The inequality reads
I4422 =
26∑
i=1
fiPi
= P (A1 = 0, B2 = 0) + P (A2 = 1, B3 = 1) + P (A1 = 1, B3 = 1) + 2P (A3 = 1, B3 = 0)
+ P (A2 = 1, B2 = 1) + P (A3 = 0, B1 = 0) + P (A2 = 1, B4 = 0) + P (A4 = 0, B1 = 0)
+ P (A3 = 1, B2 = 1) + 2P (A3 = 0, B3 = 1)
+ P (A1 = 0, B4 = 0) + P (A1 = 1, B4 = 1) + P (A2 = 1, B1 = 1)
+ P (A2 = 0, B1 = 0) + P (A2 = 0, B3 = 0) + P (A3 = 1, B1 = 1)
+ P (A2 = 0, B2 = 0) + P (A2 = 0, B4 = 1) + P (A4 = 1, B1 = 1)
+ P (A1 = 1, B1 = 1) + P (A1 = 1, B2 = 1) + P (A1 = 0, B3 = 0) + P (A3 = 0, B2 = 0)
+ P (A4 = 0, B2 = 1) + P (A4 = 1, B2 = 0) + P (A1 = 0, B1 = 0)
LHV≤ 10
QM
≤ 7 + 5
√
6
3
.
(46)
The inequality contains 26 probabilities, and the corresponding Hardy-type paradox can be given by

H1 = P1 + P2 = 1,
H2 = P3 + 2P4 = 1,
H3 = P5 + P6 = 1,
H4 = P7 + P8 = 1,
H5 = P9 + 2P10 = 1,
H6 = P11 + P12 + P13 = 1,
H7 = P14 + P15 + P16 = 1,
H8 = P17 + P18 + P19 = 1,
H9 = P20 + P21 + P22 + P23 + P24 + P25 = 2,
P26 > 0.
(47)
Proof. In local theory, similarly, if the first 9 Hardy’s constraints in (47) hold, then we can obtain
A1 = B1 = A2 = B2 = A3 = B3 = A4 = 1, B4 = 0, (48)
which yields P26 = P (A1 = 0, B1 = 0) = 0.
In quantum mechanics, we take the local observables {A1, A2, A3, A4}, {B1, B2, B3, B4} and the two-qubit state
|ψ〉 to be the forms as in Eq. (20). After substituting the following measurement angles

θ = 0.595078,
θa1 = 1.429925, θa2 = 0.710013, θa3 = 2.050002, θa4 = 2.113850,
θb1 = 1.641220, θb2 = 0.958109, θb3 = 0.807975, θb4 = −1.379539,
(49)
8into Eq. (47), then the following relation
H1 − 1 ≈ −5.45939× 10−7,
H2 − 1 ≈ 8.07675× 10−7,
H3 − 1 ≈ −3.93129× 10−7,
H4 − 1 ≈ −2.90784× 10−7,
H5 − 1 ≈ −3.62443× 10−7,
H6 − 1 ≈ 4.62613× 10−7,
H7 − 1 ≈ 3.65377× 10−7,
H8 − 1 ≈ 5.81279× 10−7,
H9 − 2 ≈ 10−7,
P26 = P (A1 = 0, B1 = 0) ≈ 0.659882 > 0,
(50)
holds. The proof is completed. 
In this case, the maximal successful probability is about 0.659, which is about 7 times of 9% (the successful
probability for the original Hardy’s paradox [5]).
E. The ladder proof of nonlocality without inequalities
For convenience, here we briefly review the ladder proof of nonlocality without inequalities in Ref. [12], which is a
kind of extension of Hardy’s paradox from two-setting to k-setting. For k = 2, the paradox reduces to the original
Hardy’s paradox in [5].
According to quantum mechanics, there always exist two-qubit entangled states and local measurements satisfying,
simultaneously, 
P (Ak = 1, Bk = 1) > 0,
P (Ai = 1, Bi−1 = 0) = 0,
P (Ai−1 = 0, Bi = 1) = 0,
P (A1 = 1, B1 = 1) = 0,
(51)
for any i = 2, · · · , k. However, if event Ak = 1, Bk = 1 happens, then, in any local theory, the event A1 = 1, B1 = 1
must happen by the constraint conditions P (Ai = 1, Bi−1 = 0) = 0 and P (Ai−1 = 0, Bi = 1) = 0 for any i = 2, · · · , k,
which contracts with the last constraint condition in (51). Because of the invariance of max{P (Ak = 1, Bk = 1)}
under locally unitary operations, it is sufficient to consider the pure state |ψ〉 = α|00〉 − β|11〉, with α, β ≥ 0 and
α2 + β2 = 1, for which the optimal observables, i.e., they satisfy the constraint conditions in (51) and lead to the
maximum probability of the nonlocal event, are
|Ai1〉 = |Bi1〉 = 1
α2i−1 + β2i−1
(
(−1)iβi− 12
αi−
1
2
)
,
|Ai0〉⊥|Ai1〉, |Bi0〉⊥|Bi1〉, (i = 1, 2, · · · , k), (52)
and in this case,
P (Ak = 1, Bk = 1) = |〈ψ|Ai1〉|Bi1〉|2 =
(
αβ2k−1 − βα2k−1
β2k−1 + α2k−1
)2
(53)
holds. Therefore, we obtain the successful probability as
PSC(k) = max{P (Ak = 1, Bk = 1)} =
{(
αβ2k−1 − βα2k−1
β2k−1 + α2k−1
)2
: α, β ≥ 0, α2 + β2 = 1
}
. (54)
Remark 6.—The result of Ref. [12] shows that PSC(k) grows with increasing k, and PSC(k) → 0.5 as k → ∞. In
Table I, we list PSC(k) for k = 2, 3, 4, 5, 6. Furthermore, we plot the relationship between PSC(k) and k in Fig. S1
with 2 ≤ k ≤ 30.
9TABLE I. PSC(k) versus k for k = 2, 3, 4, 5, 6 (The numerical result given in Ref. [12]).
k = 2 k = 3 k = 4 k = 5 k = 6
PSC(k) 0.09017 0.17455 0.23126 0.27088 0.29995
●
● ●
● ● ●
● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●
5 10 15 20 25 30k0.0
0.1
0.2
0.3
0.4
0.5
PSC(k)
FIG. S1. The relationship between PSC(k) and k.
In a real experiment, inequalities are necessary to show that the errors do not wash out the logical contradiction
that local realism faces. Based on the ladder Hardy’s paradox as shown in (51), in addition Ref. [12] established a
family of Bell inequalities as
I ladderk = P (Ak = 1, Bk = 1)−
k∑
i=2
P (Ai = 1, Bi−1 = 0)−
k∑
i=2
P (Ai−1 = 0, Bi = 1)
−P (A1 = 1, B1 = 1) ≤ 0, ∀k ≥ 2. (55)
Inversely, based on Bell inequalities in (55), one can derive the Hardy-type paradox as in (51).
F. General Hardy-type paradoxes based on (2k + 1)-cycle Bell inequalities
The simplest exclusivity graph [13] is the 5-cycle exclusivity graph (see Fig. S2).
FIG. S2. The 5-cycle exclusivity graph, where two vertices are connected if and only if the events represented by them are
exclusive. For example, vertex 1 and vertex 2 are connected because the event (A1 = 0, B2 = 0) and the event (A1 = 1, B1 = 0)
are exclusive, etc.
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One kind of Bell inequalities that generated from the 5-cycle exclusivity graph (corresponds to k = 2) is given by
Icyclek=2 =
5∑
i=1
Pi
= P (A1 = 0, B2 = 0) + P (A1 = 1, B1 = 0) + P (A2 = 0, B1 = 0) + P (A1 = 0, B1 = 1) + P (A2 = 1, B2 = 1)
LHV≤ 2. (56)
For the 5-cycle Bell inequality, we can construct a general Hardy-type paradox as follows:
H1 = P (A1 = 0, B2 = 0) + P (A1 = 1, B1 = 0) = P1 + P2 = 1,
H2 = P (A2 = 0, B1 = 0) + P (A1 = 0, B1 = 1) = P3 + P4 = 1,
P5 = P (A2 = 1, B2 = 1) > 0.
(57)
Proof. It is easy to have
P (A1 = 0, B2 = 0) + P (A1 = 0, B2 = 1) + P (A1 = 1, B1 = 0) + P (A1 = 1, B1 = 1)
= P (A1 = 0) + P (A1 = 1) = 1, (58)
P (A2 = 0, B1 = 0) + P (A2 = 1, B1 = 0) + P (A1 = 0, B1 = 1) + P (A1 = 1, B1 = 1)
= P (B1 = 0) + P (B1 = 1) = 1. (59)
By calculating Eq. (58)+ Eq. (59)−H1 −H2 = 0, we immediately finds that the constraint conditions in (57) hold
if and only if the following conditions
P (A2 = 1, B1 = 0) = 0, P (A1 = 0, B2 = 1) = 0, P (A1 = 1, B1 = 1) = 0, (60)
hold. Note that the conditions in (60) are just the constraint conditions of the paradox (51) (for k = 2) and the
nonlocal event P (A2 = 1, B2 = 1) in paradox (57) is just the one in the paradox (51). Thus, (57) is a general
Hardy-type paradox, which is equivalent to the paradox (51). 
Remark 7.—According to the above proof, the general Hardy-type paradox (57) based on 5-cycle Bell inequality is
equivalent to the ladder Hardy’s paradox given in (51) with k = 2.
The above discussion can be generalized to the general Hardy-type paradoxes based on (2k+1)-cycle Bell inequalities,
which can be generated from the (2k + 1)-cycle exclusivity graph. In the following, we present details for the
construction.
• k is an odd number: For any joint assignment of all measurements {Ai, Bj}, one Bell inequality according to
the (2k + 1)-cycle exclusivity graph is described by
Icyclek =
2k+1∑
i=1
Pi
= P (Ak−1 = 0, Bk = 0) + P (Ak−1 = 1, Bk−2 = 1) + P (Ak = 0, Bk−1 = 0) + P (Ak−2 = 1, Bk−1 = 1)
+P (Ak−3 = 0, Bk−2 = 0) + P (Ak−3 = 1, Bk−4 = 1) + P (Ak−2 = 0, Bk−3 = 0) + P (Ak−4 = 1, Bk−3 = 1)
+P (Ak−5 = 0, Bk−4 = 0) + P (Ak−5 = 1, Bk−6 = 1) + P (Ak−4 = 0, Bk−5 = 0) + P (Ak−6 = 1, Bk−5 = 1)
+ · · ·
+P (A2 = 0, B3 = 0) + P (A2 = 1, B1 = 1) + P (A3 = 0, B2 = 0) + P (A1 = 1, B2 = 1)
+P (A2 = 0, B1 = 0) + P (A1 = 0, B1 = 1) + P (Ak = 1, Bk = 1)
LHV≤ k. (61)
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The general Hardy-type paradox based on the (2k + 1)-cycle Bell inequality is given by

H1 = P (Ak−1 = 0, Bk = 0) + P (Ak−1 = 1, Bk−2 = 1) = P1 + P2 = 1,
H2 = P (Ak = 0, Bk−1 = 0) + P (Ak−2 = 1, Bk−1 = 1) = P3 + P4 = 1,
H3 = P (Ak−3 = 0, Bk−2 = 0) + P (Ak−3 = 1, Bk−4 = 1) = P5 + P6 = 1,
...
Hk−2 = P (A2 = 0, B3 = 0) + P (A2 = 1, B1 = 1) = P2k−5 + P2k−4 = 1,
Hk−1 = P (A3 = 0, B2 = 0) + P (A1 = 1, B2 = 1) = P2k−3 + P2k−2 = 1,
Hk = P (A2 = 0, B1 = 0) + P (A1 = 0, B1 = 1) = P2k−1 + P2k = 1,
P2k+1 = P (Ak = 1, Bk = 1) > 0.
(62)
Proof. By

P (Ak−1 = 0) + P (Ak−1 = 1) = 1,
P (Bk−1 = 0) + P (Bk−1 = 1) = 1,
P (Ak−3 = 0) + P (Ak−3 = 1) = 1,
P (Bk−3 = 0) + P (Bk−3 = 1) = 1,
...
P (A2 = 0) + P (A2 = 1) = 1,
P (B2 = 0) + P (B2 = 1) = 1,
P (B1 = 0) + P (B1 = 1) = 1,
(63)
we obtain that the first k Hardy’s constraints in (62) are equivalent to the k constraint conditions in the ladder
Hardy’s paradox as shown in (51). Moreover, the nonlocal event P (Ak = 1, Bk = 1) is also the one in the
ladder Hardy’s paradox. Therefore, by Ref. [12], (62) is a general Hardy-type paradox, which is equivalent to
the ladder proof of Hardy’s paradox in (51). 
• k is an even number: For any joint assignment of all measurements {Ai, Bj}, it holds that
Icyclek = P (Ak−1 = 0, Bk = 0) + P (Ak−1 = 1, Bk−2 = 1) + P (Ak = 0, Bk−1 = 0) + P (Ak−2 = 1, Bk−1 = 1)
+P (Ak−3 = 0, Bk−2 = 0) + P (Ak−3 = 1, Bk−4 = 1) + P (Ak−2 = 0, Bk−3 = 0) + P (Ak−4 = 1, Bk−3 = 1)
+P (Ak−5 = 0, Bk−4 = 0) + P (Ak−5 = 1, Bk−6 = 1) + P (Ak−4 = 0, Bk−5 = 0) + P (Ak−6 = 1, Bk−5 = 1)
+ · · ·
+P (A1 = 0, B2 = 0) + P (A1 = 1, B1 = 0) + P (A2 = 0, B1 = 0) + P (A1 = 0, B1 = 1)
+P (Ak = 1, Bk = 1)
LHV≤ k. (64)
The corresponding general Hardy-type paradox is given by

H1 = P (Ak−1 = 0, Bk = 0) + P (Ak−1 = 1, Bk−2 = 1) = P1 + P2 = 1,
H2 = P (Ak = 0, Bk−1 = 0) + P (Ak−2 = 1, Bk−1 = 1) = P3 + P4 = 1,
H3 = P (Ak−3 = 0, Bk−2 = 0) + P (Ak−3 = 1, Bk−4 = 1) = P5 + P6 = 1,
...
Hk−1 = P (A1 = 0, B2 = 0) + P (A1 = 1, B1 = 0) = P2k−3 + P2k−2 = 1,
Hk = P (A2 = 0, B1 = 0) + P (A1 = 0, B1 = 1) = P2k−1 + P2k = 1,
P2k+1 = P (Ak = 1, Bk = 1) > 0.
(65)
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Proof. Due to 
P (Ak−1 = 0) + P (Ak−1 = 1) = 1,
P (Bk−1 = 0) + P (Bk−1 = 1) = 1,
P (Ak−3 = 0) + P (Ak−3 = 1) = 1,
P (Bk−3 = 0) + P (Bk−3 = 1) = 1,
...
P (A1 = 0) + P (A1 = 1) = 1,
P (B1 = 0) + P (B1 = 1) = 1,
(66)
we have that the first k constraint conditions in (65) are equivalent to the k constraint conditions in the ladder
Hardy’s paradox as shown in (51). Moreover, the nonlocal event P (Ak = 1, Bk = 1) is also the one in the
ladder Hardy’s paradox. Therefore, by Ref. [12], (65) is a general Hardy-type paradox, which is equivalent to
the ladder proof of Hardy’s paradox in (51). 
Remark 8.—According to the above proof, the general Hardy-type paradox based on (2k + 1)-cycle Bell inequality
is equivalent to the ladder Hardy’s paradox given in (51).
II. THE EXPERIMENTAL PART
A. Experimental measurement of probabilities
To show the max conflict of the general Hardy-type paradox based on the Bell inequality ICHSH ≤ 3, we set
θ = 0.912 for the two-qubit state |ψ〉 = cos θ|HH〉 + sin θ|V V 〉. The tomography result is shown in Fig. S3, and
the fidelity is over 0.99. To measure the probabilities, we directly measure coincident counts in 16 different settings,
which are shown in Table II. To clearly show the confliction, the projective measurement on Alice side Ai1 is chosen
to be cos θai|H〉 + sin θai|V 〉 with θai=0.722 and 1.504 (i = 1, 2), respectively.The projective measurement on Bob’s
side Bi1 is chosen to be cos θbi|H〉+ sin θbi|V 〉, with θbi=1.112 and 0.306 (i = 1, 2).
TABLE II. Results of Projective Measurements
Alice, Bob Coincidence Alice, Bob Coincidence Alice, Bob Coincidence Alice, Bob Coincidence
Settings Counts Settings Counts Settings Counts Settings Counts
HH N1 = 18697 A11B11 N5 = 22897 HB11 N9 = 4429 A11H N13 = 10212
HV N2 = 51 A21B11 N6 = 25642 V B11 N10 = 23961 A11V N14 = 14124
V H N3 = 42 A11B21 N7 = 18013 HB21 N11 = 18372 A21H N15 = 47
V V N4 = 32330 A21B21 N8 = 3131 V B21 N12 = 2521 A21V N16 = 30718
|ψ〉 = cos θ|HH〉+ sin θ|V V 〉; Ai1 = cos θai|H〉+ sin θai|V 〉; Bi1 = cos θbi|H〉+ sin θbi|V 〉;
θ = 0.912, θa1 = 0.722, θa2 = 1.504, θb1 = 1.112, θb2 = 0.306.
In this section, we give an example on how we calculate the probability P8. All the other probabilities can be
calculated with the similar method. The probability P8 is represented by:
P8 = 〈ψ|(|A10〉〈A10|)⊗ (|B10〉〈B10|)|ψ〉 = 〈ψ|(I2 − |A11〉〈A11|)⊗ (I2 − |B11〉〈B11|)|ψ〉, (67)
which can be decomposed into 〈ψ|I2 ⊗ I2|ψ〉, −〈ψ|A11〉〈A11| ⊗ I2|ψ〉, −〈ψ|I2 ⊗ |B11〉〈B11|ψ〉 and 〈ψ|A11〉〈A11| ⊗
|B11〉〈B11|ψ〉. Moreover, 〈ψ|I2⊗I2|ψ〉 can be written as the sum of 〈ψ|HH〉〈HH|ψ〉, 〈ψ|HV 〉〈HV |ψ〉, 〈ψ|V H〉〈V H|ψ〉,
〈ψ|V V 〉〈V V |ψ〉; 〈ψ|A11〉〈A11| ⊗ I2|ψ〉 can be decomposed into 〈ψ|A11H〉〈A11H|ψ〉 and 〈ψ|A11V 〉〈A11V |ψ〉; Similarly,
〈ψ|I2 ⊗ |B11〉〈B11|ψ〉 can be written as the sum of 〈ψ|HB11〉〈HB11|ψ〉 and 〈ψ|V B11〉〈V B11|ψ〉. So we can easily
calculate these probability,
〈ψ|I2 ⊗ I2|ψ〉 = 〈ψ|HH〉〈HH|ψ〉+ 〈ψ|HV 〉〈HV |ψ〉+ 〈ψ|V H〉〈V H|ψ〉+ 〈ψ|V V 〉〈V V |ψ〉 = Ntotal/Ntotal,
〈ψ|A11〉〈A11| ⊗ I2|ψ〉 = 〈ψ|A11H〉〈A11H|ψ〉+ 〈ψ|A11V 〉〈A11V |ψ〉 = (N9 +N10)/Ntotal,
〈ψ|I2 ⊗ |B11〉〈B11|ψ〉 = 〈ψ|HB11〉〈HB11|ψ〉+ 〈ψ|V B11〉〈V B11|ψ〉 = (N13 +N14)/Ntotal,
〈ψ|A11〉〈A11| ⊗ |B11〉〈B11|ψ〉 = N5/Ntotal,
(68)
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a b
FIG. S3. (color online). The real part a. and imaginary part b. of the prepared two-qubit density matrix for verifying the
Hardy-type paradox based on the Bell inequality ICHSH ≤ 3.
where Ntotal =
∑i=4
i=1Ni. Here, we get the the expression of P8,
P8 = 〈ψ|I2 ⊗ I2|ψ〉 − 〈ψ|A11〉〈A11| ⊗ I2|ψ〉 − 〈ψ|I2 ⊗ |B11〉〈B11|ψ〉+ 〈ψ|A11〉〈A11| ⊗ |B11〉〈B11|ψ〉,
= (Ntotal −N9 −N10 −N13 −N14 +N5)/Ntotal. (69)
In the same way, we get other probabilities P1−7.

P1 = N5/Ntotal,
P2 = (N15 +N16 −N8)/Ntotal,
P3 = (Ntotal −N11 −N12 −N13 −N14 +N7)/Ntotal,
P4 = N6/Ntotal,
P5 = N7/Ntotal,
P6 = (Ntotal −N9 −N10 −N15 −N16 +N6)/Ntotal,
P7 = (N11 +N12 −N8)/Ntotal.
(70)
B. The experimental result of general Hardy-type paradoxes based on the Bell inequality I4422 ≤ 10
To show the max conflict of the general Hardy-type paradox based on the Bell inequality I4422 ≤ 10, we set
θ = 0.595. The tomography result is shown in Fig. S4, and the fidelity is 0.99 ± 0.05. Similar to the Hardy-type
paradox based on the Bell inequality I2222 ≤ 3 (or ICHSH ≤ 3), here we record the coincident counts in 36 different
settings, which are shown in Table III.
TABLE III. Result of Projective Measurement
Alice, Bob Coincidence Alice, Bob Coincidence Alice, Bob Coincidence Alice, Bob Coincidence Alice, Bob Coincidence
Settings Counts Settings Counts Settings Counts Settings Counts Settings Counts
HH N1 = 7166 A11B21 N9 = 2688 A11B41 N17 = 14 A31H N25 = 1806 HB31 N33 = 3796
HV N2 = 18 A21B21 N10 = 4432 A21B41 N18 = 2885 A31V N26 = 2737 V B31 N34 = 1649
V H N3 = 10 A31B21 N11 = 252 A31B41 N19 = 749 A41H N27 = 2175 HB41 N35 = 175
V V N4 = 3093 A41B21 N12 = 148 A41B41 N20 = 3153 A41V N28 = 2538 V B41 N36 = 3159
A11B11 N5 = 3193 A11B31 N13 = 2158 A11H N21 = 3137 HB11 N29 = 28
A21B11 N6 = 1167 A21B31 N14 = 5099 A11V N22 = 3320 V B11 N30 = 3045
A31B11 N7 = 2839 A31B31 N15 = 57 A21H N23 = 3907 HB23 N31 = 3202
A41B11 N8 = 2559 A41B31 N16 = 22 A11V N24 = 1265 V B24 N32 = 1834
|ψ〉 = cos θ|HH〉+ sin θ|V V 〉; Ai1 = cos θai|H〉+ sin θai|V 〉; Bi1 = cos θbi|H〉+ sin θbi|V 〉;
θ = 0.595, θa1 = 1.430, θa2 = 0.710, θa3 = 2.050, θa4 = 2.114, θb1 = 1.641, θb2 = 0.958, θb1 = 0.808, θb2 = −1.380.
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FIG. S4. The real part a. and imaginary part b. of the prepared two-qubit density matrix for verifying the Hardy-type paradox
based on the Bell inequality I4422 ≤ 10.
According to the similar method shown above, P1 − P26 can be obtained as follows:
P1 = (Ntotal −N21 −N22 −N31 −N32 +N9)/Ntotal,
P2 = N14/Ntotal,
P3 = N13/Ntotal,
P4 = 2× (N25 +N26 −N15)/Ntotal,
P5 = N10/Ntotal,
P6 = (Ntotal −N25 −N26 −N29 −N30 +N7)/Ntotal,
P7 = (N23 +N24 −N18)/Ntotal,
P8 = (Ntotal −N27 −N28 −N29 −N30 +N8)/Ntotal,
P9 = N11/Ntotal,
P10 = 2× (N33 +N34 −N15)/Ntotal,
P11 = (Ntotal −N21 −N22 −N35 −N36 +N17)/Ntotal,
P12 = N17/Ntotal,
P13 = N6/Ntotal,
P14 = (Ntotal −N23 −N24 −N29 −N30 +N6)/Ntotal,
P15 = (Ntotal −N23 −N24 −N33 −N34 +N14)/Ntotal,
P16 = N7/Ntotal,
P17 = (Ntotal −N23 −N24 −N31 −N32 +N10)/Ntotal,
P18 = (N35 +N36 −N18)/Ntotal,
P19 = N8/Ntotal,
P20 = N5/Ntotal,
P21 = N9/Ntotal,
P22 = (Ntotal −N21 −N22 −N33 −N34 +N13)/Ntotal,
P23 = (Ntotal −N25 −N26 −N31 −N32 +N11)/Ntotal,
P24 = (N31 +N32 −N12)/Ntotal,
P25 = (N27 +N28 −N12)/Ntotal,
P26 = (Ntotal −N21 −N22 −N29 −N30 +N5)/Ntotal.
(71)
The probabilities are shown in Fig. S5a. The blue columns are the experimental results and the yellow columns
represent the theoretical predictions. The experimental results agree well with the theoretical predictions. The conflict
of the Hardy’s paradox can be reached as high as P26 = 0.6802± 0.0238, which is about seven times larger than the
original one (≈ 9%) [5]. We further show the 9 Hardy’s constraints of Hi (i = 1, 2 · · · 9) obtained in experiment in
Fig. S5b, where H1 ∼ H8 are nearly equal to 1 and H9 is nearly equal to 2. All the 9 Hardy’s constraints are well
confirmed within the experimental errors. Error bars are deduced from the counting statistics, which are assumed to
be Poissonian distribution.
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FIG. S5. Experimental results. a. The probabilities of P1 to P26. Blue and yellow columns represent the experimental and
theoretical results, respectively. b. The experimental values of the 9 Hardy’s constraints, which coincide with the corresponding
theoretical predictions shown in (47).
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